
S
p
arse
D
ire
ct
S
o
lv
e
rs
o
n
H
ig
h
P
e
rfo
rm
a
n
ce
C
o
m
p
u
te
rs

X
iaoye
S
.
L
i

xiaoye@
nersc.gov

w
w
w
.nersc.gov/
xiaoye

L
B
N
L
/N
E
R
S
C

C
S
267,
A
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24,
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a
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G
a
u
ssia
n
E
lim
in
a
tio
n
:
G
e
n
e
ric
A
lg
o
rith
m

�

F
actorize
A
=
L
U
,
L
low
er
triangular
w
ith
unit
diagonal,
U
upp
er
triangular

F
irst
step,
A
=

2664
a
w
T

v
A
1

3775
=

2664
1

0

v
=a
L
1

3775
�

2664
a
w
T

0
U
1

3775

T
hen,
factorize
A
1
�

v
�w
T

a

=
L
1 U
1

�

3
nested-loops
around
i;j;k
indices:

fo
r

d
o

fo
r

d
o

fo
r

d
o

a
ij
 

a
ij
�

(a
ik
�a
k
j )=a
k
k

e
n
d
fo
r;

e
n
d
fo
r;

e
n
d
fo
r;

P
a
g
e
2



S
p
arse
G
E
:
F
ill-in

�

O
riginal
zero
entry
a
ij
b
ecom
es
nonzero
after
up
date

0
5

1
0

1
5

2
0

2
5

05

1
0

1
5

2
0

2
5

#
 n

o
n
ze

ro
s =

 2
3
3

F
a
cto

rs L
+

U

0
5

1
0

1
5

2
0

2
5

05

1
0

1
5

2
0

2
5

#
 n

o
n
ze

ro
s =

 2
0
7

F
a
cto

rs L
+

U
 u

sin
g
 m

in
−

d
e
g
re

e
 o

rd
e
rin

g

P
a
g
e
3



D
ire
ct
S
o
lv
e
rs
fo
r
S
p
arse
L
in
e
ar
S
y
ste
m
s

�

G
aussian
elim
ination
(L
U
,
L
L
T
,
L
D
L
T

factorizations),
follow
ed
by

low
er/upp
er
triangular
solutions.

{
D
ense:
P
A
=
L
U

p
erm
utation
for
stability

{
S
parse:
P
r A
P
Tc

=
L
U

p
erm
utations
for
stability
and
sparsity
of
L
,
U

�

D
istin
c
t
ste
p
s
fo
r
sp
a
r
se
m
a
tr
ic
e
s.

1.
O
rdering
step:
order
equations
&
variables
to
m
inim
ize
�
ll
in
L
,
U

{
heuristics
based
on
com
binatorics

2.
A
nalysis
step
(\S
ym
b
olic
factorization"):
set
up
data
structures
and
allocate

m
em
ory
for
L
,
U

3.
N
um
erical
factorization

{
usually
dom
inates
total
tim
e

4.
T
riangular
solves

{
usually
<
5%
tim
e

P
a
g
e
4



O
rd
e
rin
g
fo
r
S
p
arse
C
h
o
le
sk
y

�

M
inim
um
priority
heuristics
(local
greedy)

{
M
inim
um
degree
[T
inney/W
alker
'67,
G
eorge/L
iu
'79,
L
iu
'85,

A
m
estoy/D
avis/D
u�
'94,
A
shcraft
'95,
D
u�
/R
eid
'95]

{
M
inim
um
de�
ciency
(�
ll-in)
[T
inney/W
alker
'67,
N
g/R
aghavan
'97]

�

G
raph
partitioning
heuristics
(global)

{
N
ested
dissection
[G
eorge
'73]

{
M
ultilevel
schem
es
[H
endrickson/L
eland
'94,
K
arypis/K
um
ar
'95]

{
S
p
ectral
bisection
[S
im
on
e
t
a
l.
'90-'95]

{
G
eom
etric
and
sp
ectral
bisection
[C
han/G
ilb
ert/T
eng
'94]

�

H
ybrid
of
the
ab
ove
tw
o
[A
shcraft/L
iu
'96,
H
endrickson/R
othb
erg'97].

P
a
g
e
5



O
rd
e
rin
g
fo
r
U
n
sy
m
m
e
tric
L
U

�

S
ym
m
etric
ordering
for
C
holesky
of
A
T
+
A
,
if
pivot
on
diagonal

�

S
ym
m
etric
ordering
for
C
holesky
of
A
T
A
,
if
partial
pivoting

{
T
heorem
[G
eorge/N
g
'87]:
If
R
T
R
=
A
T
A
and
P
A
=
L
U
,
for
any
P
,
the

nonzero
structure
of
L
+
U
is
contained
in
that
of
R
T
+
R
.

{
M
aking
the
upp
er
b
ound
R
sparse
tends
to
m
ake
L
+
U
sparse.

{
S
trategy:

1.
F
ind
a
good
sym
m
etric
ordering
P
c
from
A
T
A

2.
A
pply
P
c
to
colum
ns
of
A

(A
P
Tc
)
T
(A
P
Tc
)
=
P
c (A
T
A
)P
Tc

�

C
olum
n
m
inim
um
degree
based
solely
on
A

{
C
O
L
M
M
D

in
M
atlab,
C
O
L
A
M
D

[L
arim
ore/D
avis/G
ilb
ert/N
g
'98]

�

M
arkow
itz
{
unsym
m
etric
variant
of
m
inim
um
degree

{
D
u�
/E
rism
an/R
eid
'86
b
ook

{
usually
p
erform
ed
together
w
ith
num
eric
factorization

P
a
g
e
6



S
y
m
b
o
lic
F
a
cto
riza
tio
n

�

C
holesky
[G
eorge/L
iu
'81
b
ook]

{
U
se
elim
ination
graph
of
L
and
its
transitive
reduction
(elim
ination
tree)

{
C
om
plexity
linear
in
output:
O
(n
n
z
(L
))

�

L
U{

U
se
elim
ination
graphs
of
L
,
U
and
their
transitive
reductions
(elim
ination

D
A
G
s)
[T
arjan/R
ose
'78,
G
ilb
ert/L
iu
'93,
G
ilb
ert
'94]

{
Im
proved
by
sym
m
etric
structure
pruning
[E
isenstat/L
iu
'92]

{
Im
proved
by
sup
ernodes

{
C
om
plexity
greater
than
n
n
z
(L
+
U
),
yet
m
uch
sm
aller
than
f
lops(L
U
)

P
a
g
e
7



N
u
m
e
rica
l
F
a
cto
riza
tio
n

�

U
sually
the
m
ost
exp
ensive
step
...

�

3
di�
erent
approaches:

{
S
ubm
atrix-based
w
ith
M
arkow
itz
ordering
['57]

{
F
rontal
[Irons
'70]
and
M
ultifrontal
[D
u�
/R
eid
'83]

{
S
up
ernodal
[e.g.,
S
up
erL
U
]

�

R
ecent
developm
ents
focus
on

{
S
up
erscalar
processor
and
hierarchical
m
em
ory
system

{
P
arallelism

P
a
g
e
8



U
n
sy
m
m
e
tric
S
u
p
e
rn
o
d
e
[E
ise
n
sta
t/
G
ilb
e
rt/
L
iu
'9
3
]

�

E
xploit
dense
subm
atrices
in
the
L
&
U
factors
of
P
A
=
L
U

9

25
15

9

8
7

69

8
7

6

25
15

9

8
7

6

8
7

6

Supernode [6 : 9]
UL

1525 6789

6
7

8

�

W
hy
are
sup
ernodes
good?

{
P
erm
it
use
of
level
3
B
L
A
S

{
R
educe
ineÆ
cient
indirect
addressing
(scatter/gather)

{
R
educe
sym
b
olic
tim
e
by
traversing
a
coarser
graph

P
a
g
e
9



S
u
p
e
rn
o
d
e
-P
a
n
e
l
fa
cto
riza
tio
n

fo
r
colum
n
j
=
1
to
n
ste
p
w
d
o

F
(:;j:j
+
w
�
1)
=
A
(:;j:j
+
w
�
1);

(1)
S
ym
b
olic
factorization
[G
ilb
ert/P
eierls
'88,
G
ilb
ert/Li
'94]

�
D
eterm
ine
w
hich
sup
ernodes
up
date
F
(:;j:j
+
w
�
1)

(2)
N
um
eric
up
date

fo
r
each
up
dating
sup
ernode
(r:s)
<
j
in
order
d
o

�
T
riangular
solve

U
(r
:
s
;j
:
j
+
w
�
1)
=

L
(r
:
s
;r
:
s)n
F
(r
:
s
;j
:
j
+
w
�
1);

�
M
atrix
up
date

F
(s
+
1
:
n
;j
:
j
+
w
�
1)
�
=

L
(s
+
1
:
n
;r
:
s)
�
U
(r
:
s
;
j
:
j
+
w
�
1);

e
n
d
fo
r;

(3)
Inner
factorization
for
F
(j
:
n
;
j
+
w
�
1)

�
R
ow
pivoting
for
each
colum
n;

�
D
etect
sup
ernode
b
oundary;

�
S
ym
m
etric
structure
pruning;
[E
isenstat/Liu
'92]

e
n
d
fo
r;

W

t

tbb

r
s

j
j+w

-1

UL

JJJJ

L
j:n J

Panel
Supernode

D
O

N
E

A
C

TIV
E

P
a
g
e
1
0



T
e
st
M
a
trice
s

N
am
e

N

n
n
z(A
)

n
n
z(A
)

N

n
n
z(F
)

n
n
z(A
)

#

ops
(10
6)

#
f
lo
p
s

n
n
z(F
)

1

M

e
m
p
l
u
s

17758

99147

5.6

1.4

1.8

12.5

2

G
e
m
a
t
1
1

4929

33108

6.7

2.8

1.5

16.3

3

R
d
is
t
1

4134

94408

22.8

3.6

12.9

38.1

4

O
r
a
n
i6
7
8

2529

90158

35.6

3.1

14.9

53.3

5

M

c
f
e

765

24382

31.8

2.8

4.1

59.9

6

L
n
s
p
3
9
3
7

3937

25407

6.5

16.8

38.9

91.1

7

L
n
s
3
9
3
7

3937

25407

6.5

17.7

44.8

99.7

8

S
h
e
r
m
a
n
5

3312

20793

6.3

12.0

25.2

101.3

9

J
p
w
h
9
9
1

991

6027

6.1

23.4

18.0

127.7

10

S
h
e
r
m
a
n
3

5005

20033

4.0

21.6

60.6

139.8

11

O
r
s
r
e
g
1

2205

14133

6.4

28.5

59.8

148.6

12

S
a
y
l
r
4

3564

22316

6.3

29.3

104.8

160.0

13

S
h
y
y
1
6
1

76480

329762

4.3

23.2

1571.6

205.8

14

G
o
o
d
w
in

7320

324772

44.4

9.6

665.1

213.9

15

V
e
n
k
a
t
0
1

62424

1717792

27.5

7.6

3219.9

247.9

16

I
n
a
c
c
u
r
a

16146

1015156

62.9

9.8

4118.7

414.3

17

A
f
2
3
5
6
0

23560

460598

19.6

30.4

6363.7

454.9

18

D
e
n
s
e
1
0
0
0

1000

1000000

1000

1.0

666.2

666.2

19

R
a
e
f
s
k
y
3

21200

1488768

70.2

11.8

12118.7

690.7

20

E
x
1
1

16614

1096948

66.0

23.8

26814.5

1023.1

21

W

a
n
g
3

26064

177168

6.8

74.9

14557.5

1095.5

22

R
a
e
f
s
k
y
4

19779

1316789

66.6

20.3

31283.4

1172.6

23

V
a
v
a
s
is
3

41029

1683902

41.0

29.2

89209.3

1813.5

P
a
g
e
1
1



S
u
p
e
rL
U
U
n
ip
ro
ce
sso
r
F
a
cto
riza
tio
n
R
a
te
s

[D
em
m
el/E
isenstat/G
ilb
ert/L
i/L
iu
'95]

�

T
im
e
includes
everything
except
colum
n
ordering

1
3

5
7

9
11

13
15

17
19

21
23

0 50

100

150

200

M
atrix num

ber

Megaflops

M
IP

S
 R

8000

A
lpha 21164

R
S

/6000−590

1
3

5
7

9
11

13
15

17
19

21
23

0

0.5 1

1.5 2

M
atrix

Flops Per Cycle

M
IP

S
 R

8000    (4)

R
S

/6000−590   (4)

A
lpha 21164   (2)

P
a
g
e
1
2



F
ra
ctio
n
o
f
T
im
e
in
S
y
m
b
o
lic
F
a
cto
riza
tio
n
o
n
1
-C
P
U

�

S
how
relative
strength
of
integer
vs.

oating-p
oint
sp
eed

�

R
oughly
carry
over
to
shared
m
em
ory
parallel
code

1
3

5
7

9
11

13
15

17
19

21
0 10 20 30 40 50

C
ray J90

P
ow

er C
hallenge

A
lphaS

erver 8400

M
atrix

Percent in depth−first search

P
a
g
e
1
3



P
ara
lle
lism
:
C
o
lu
m
n
E
lim
in
a
tio
n
T
re
e
[G
ilb
e
rt/
N
g
'9
3
]

�

E
ach
colum
n
of
the
m
atrix
has
one
vertex
in
the
tree.

�

E
xhibits
colum
n
dep
endencies
during
the
elim
ination.

1.
If
colum
n
j
up
dates
colum
n
k
,
then
j
is
a
descendant
of
k
;

2.
C
onversely,
if
j
is
a
descendant
of
k
,
colum
n
j
m
a
y
or
m
a
y
n
o
t
up
date

colum
n
k
(dep
ending
on
num
erical
pivoting).

�

M
ore
accurate
up
date
edges
are
detected
on
the

y.

�

C
om
puting
elim
ination
tree
takes
tim
e
alm
ost
linear
in
n
n
z
(A
).

A
=

0BBBBBBBBBBBBBBBBBBB@
1

�

�

�

2
�

�

�

3

�

4
�5

�

�

�

6
1CCCCCCCCCCCCCCCCCCCA

65
=

 k

1

3
4

2 =
 j

P
a
g
e
1
4



P
ara
lle
l
T
a
sk
S
ch
e
d
u
lin
g
fo
r
S
M
P
s
[D
e
m
m
e
l/
G
ilb
e
rt/
L
i
'9
7
]

S
hared
task
queue
initialized
w
ith
leaves;

w
hile
(
there
are
m
ore
panels
)
do

panel
:=
G
etT
ask
(
queue
);

(1)
panel
sym
b
olic
factor(
panel
);

�

skip
all
B
U
S
Y
descendant
sup
ernodes;

(2)
panel
num
eric
factor(
panel
);

�

up
dates
from
all
D
O
N
E
sup
ernodes;

�

w
ait
for
B
U
S
Y
sup
ernodes
to
b
ecom
e
D
O
N
E
;

(3)
inner
factorization(
panel
);

end
w
hile;

B
U

S
Y

P
1

P
2

D
O

N
E

P
a
g
e
1
5



S
u
p
e
rL
U
M
T
F
a
cto
riza
tio
n
S
p
e
e
d

�

T
im
e,
M

ops
and
sp
eedup
on
O
rigin
2000

M
atrix

N

n
n
z
(A
)
P
=
1
P
=
8
P
=
18
S
p
eedup

E
x
1
1

16614
1096948

209

33

20

10

R
a
e
f
s
k
y
4

19779
1316789

229

39

25

9

B
b
m
a
t

38744
1771722

605

166

64

9

V
a
v
a
s
is
3

41092
1683902

598

136

75

8

T
w
o
t
o
n
e

120750
1224224

313

58

38

8

�

A
3-D

ow
calculation
(E
X
11)

M
achine

C
P
U
s
S
p
eedup
M

ops
P
ercent
p
eak

C
90

8

6

2583

33%

J90

16

12

831

25%

P
ow
er
C
hallenge

12

7

1002

23%

O
rigin
2000

20

10

1335

17%

A
lphaS
erver
8400

8

7

781

17%

P
a
g
e
1
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S
u
p
e
rL
U
M
T
F
a
cto
riza
tio
n
S
p
e
e
d

nnz(L+
U
)
F
lops

S
econds

P
ercent

M
atrix

(10
6)
(10
9)

P
=
1

P
=
4

P
=
8
S
p
eedup
M
ops

P
eak

C
ray
C
90

A
F
23560

14.0

6.4

36.2

9.4

6.2

4.9

1035

13%

E
X
11

26.2

26.8

75.4

21.2

10.4

6.5

2538

33%

R
A
E
F
S
K
Y
4

26.7

31.3

78.3

21.0

13.1

5.5

2399

31%

nnz(L+
U
)
F
lops

S
econds

P
ercent

M
atrix

(10
6)
(10
9)

P
=
1

P
=
4

P
=
8
S
p
eedup
M
ops

P
eak

A
lphaS
erver
A
F
23560

14.0

6.4

70.8

18.1

11.6

5.8

553

12%

8400

E
X
11

26.2

26.8
245.3

64.6

34.2

7.1

781

16%

R
A
E
F
S
K
Y
4

26.7

31.3
288.2

74.1

42.8

6.6

734

15%

nnz(L+
U
)
F
lops

S
econds

P
ercent

M
atrix

(10
6)
(10
9)

P
=
1

P
=
8
P
=
18
S
p
eedup
M
ops

P
eak

O
rigin2000

E
X
11

26.2

26.8
209.6

33.1

20.3

10.0

1335

19%

R
A
E
F
S
K
Y
4

26.7

31.3
229.5

39.2

25.7

9.0

1222

17%

B
B
M
A
T

50.4

45.5
605.3
166.3

64.1

9.0

710

10%

T
W
O
T
N
E

23.9

12.5
313.4

57.9

39.3

8.0

318

5%P
a
g
e
1
7



S
u
p
e
rL
U
D
ist
{
fo
r
D
istrib
u
te
d
M
e
m
o
ry
M
a
ch
in
e
s

�

T
he
S
M
P
algorithm
in
S
up
erL
U
M
T
is
hard
to
scale
b
ecause

{
N
ot
exploit
enough
parallelism

{
M
any
�
ne-grained
m
essages
due
to
dynam
ic
scheduling,
load
balancing
and

adaption
of
data
structures

�

A
lgorithm
ic
changes
for
scalability

{
P
arallelize
the
loops
over
b
oth
row
s
and
colum
ns
(2-D
block-cyclic)

{
S
tatic
P
ivoting
(G
E
S
P
)

�

P
ivot
b
efore
num
erical
factorization
so
data
structures
static

�

A
ccom
m
odate
p
ossible
pivot
grow
th
during
factorization
w
ithout

changing
data
structures

=
)

sym
b
olic/num
erical
algorithm
s
decoupled

P
a
g
e
1
8



D
istrib
u
te
d
D
a
ta
S
tru
ctu
re
:
2
D
B
lo
ck
C
y
clic
L
ayo
u
t

index

S
torage of block colum

n of L

# of blocks

nzval

block #

row
 subscripts

i1i2 # of  full  row
s

L
D

A
  in nzval

 
block #

row
 subscripts

i1i2 # of  full  row
s

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
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